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Abstract

The description of the light propagation in or between planar diffractive optical elements is done with the angular spec-
trum method. That means, the confinement to the paraxial approximation is removed. In addition it is not necessary to
make a difference between Fraunhofer and Fresnel diffraction as usually done by the solution of the of the Rayleigh
Sommerfeld formula.

The diffraction properties of slits of varying width are analysed first. The transitional phenomena between Fresnel and
Fraunhofer diffraction will be discussed from the view point of metrology. The transition phenomena is characterised as
a problem of reduced resolution or low pass filtering in free space propagation.

The light distributions produced by a plane screen , including slits, line and space structures or phase varying structures
are investigated in detail.

Keywords: Optical Metrology in Production Engineering, Photon Management- diffractive optics, microscopy,
nanotechnology

1. Introduction

The knowledge of the light intensity distributions that are created by planar diffractive optical elements is very important
in modern technologies like microoptics, the optical lithography or in the combination of both techniques 1.

The theoretical problem consists in the description of the imaging properties of small optical elements or small diffrac-
tion apertures up to the region of the wave length. In general the light intensities created in free space or optical media by
such elements, are calculated with the solution of the diffraction integral. The limitations arise from the solution of the
Rayleigh Sommerfeld formula or the solution of the Kirchhoff diffraction formula in the paraxial case 2, 3.

The parabolic or Fresnel approximation is suitable to analyse the proximity effects of very simple structures in the so
called near field region. In the far field region the diffraction images correspond to the Fraunhofer approximation or the
spatial Fourier transform of an input object. The field distribution is given by a superposition of plane waves. Far field
approximation means one has to consider large distances between the optical element and the plane of observation.
Unfortunately the structures in diffractive optics are made up of different singular structures or complicated phase vary-
ing elements. Often their illumination is characterised by oblique incidence.

Ray tracing methods used in diffractive optics describe the influence of oblique illumination but not the proximity effects
sufficiently 4.

In the first topic the theoretical fundamentals are explained. We start with the solution of Maxwell equations and the
introduction of the angular spectrum.

From the analysis of the response respectively the transfer function of free space, the well known cases of Fresnel and
Fraunhofer diffraction can be derived. The Fresnel number is introduced as a tool to decide above Fresnel or Fraunhofer
approximation.

The theoretical results of the first topic are discussed for special diffraction apertures.



Considering a the slit of the width “a” at a constant distance “z” illuminated by a plane wave of the wave length A, the
reduction of the Fresnel number is realised by the reduction the slit width. The transition between near and far field re-
gion can be interpreted as the “loss” of resolution.

The light distributions in the half space z>0 caused by single slits and extended diffraction gratings combined with opti-
cal components like microlenses are calculated.

2. The description of light propagation in free space

The description of light propagation planar diffractive optical elements, through masks in lithographic processes or in the
combination of both e.g.1 is connected with some problems caused by the solution of the Maxwell equations itself. In
optics the Maxwell equations (1) are considered in non dispersive and non magnetic materials, in homogenous optical
media without charges and currents. In this case the Maxwell equations are given by

D=¢,¢E and B=p H.
divE =0 divB=0 (1)
rotE(F) = — ﬁﬁ(f) rotH(f) = ¢ siﬁ(f)
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From Maxwell-equations one gets the wave equation for the electric and the magnetic component the field separated.
That’s why it is sufficient to consider in the following the electric component only.
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The term ¢, = is equal to the velocity of light in vacuum and n =+'& corresponds to the refractive index of the
80“0

medium. Considering the illumination with monocromatic light of frequency v, the wave function is given by
E(7,t) = E(F) - exp{-i2nvt}
The spatial component of the wave function is determined as the solution of the Helmholtz equation.

AE(f)+k’E(f)=0  with k=k,n’> and k, = 27“ ;  A-vacuum wave length. (3)

Now we consider the propagation of the electric field between two planes. The sources of the field are situated in the half
space z<0 . At z=0 we have the field distribution E (7). The field E(¥) in the half spacez >0 with refractive index

n has to accomplish the Maxwell equation diVE(f) =0; the so called condition of transversality.

The field in the half space z>0 can be developed with the so called angular spectrum method e.g. 5. Considering the

electric field, composed of an amount of partial waves with the wave vector m and the amplitude Eo(é,n) :

E(f)LO = j j E, (£, nexpli2nimf)dedn with f=(&,n,m) and m= ‘/% —g -, @)

The m-th. component of the wave vector m is given from the solution of the Helmholtz equation. Regarding the condi-
tion of transversality one gets:.

i E, (&m)
E(g,m) = E, (&1) )

i(éﬁnx(é,n) +n§(,y(é,n))



The Fourier-transform EOX (E_,,n),]éoy (&,m) are called mode spectra.
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From eq. (4) one sees real partial waves are possible if m is real. That means details (& = AL,n = Lj in the field EO
X

Ay
up to the dimension of the wave length are transmitted. That is why the free space acts like a low pass filter.

One solution of eq. (4) is easy calculated with the method of stationary phases possible in the case of kr>>1.
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In the far field approximation —,X — 0 und — — 1 the z-component of the field vanishes. That means the field com-
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ponents E  and Ey are independent and the fundamentals of scalar diffraction theory are accomplished. In the follow-

ing we want to consider the scalar wave field that corresponds to one independent component of the wave field only, or
one has to realise the far field conditions 5, 6.

2.1. The scalar diffraction theory

V(1) is the component of the wave field. The solution of the Helmholtz-equation (3) V,(x,,y,,z,) can be described as

convolution between the impulse response h (X, —X,,Y, —¥,,Z, —Z,) and the function V,(x,,y,,z,).

V](XHyl’Zl) :IVO(XoayODZo)h(Xo XYoo T Y% _Z])dXOdYO . (8)
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Fig. 1. Propagation of light between two planes



The Fourier-Transform of the impulse response h is called the transfer function H of free space (n=1). From comparison
between eq. (4) and eq. (6) one gets

_Veny _ Jo 1
HEno) =3 S exp{lznz,/ﬁ @ +n)}- ©
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The paraxial approximation means & +1n° << — » or that the square root in the exponent can be developed. The condi-
A

tion 0% =A’E* + A’n® <<1 is realised.
In this case the function is given by an exponential row 41-0* =1- > +—— .

If the third term is small, e.g. it is possible to break up the development

2—“294<<n , (10)
8\
The transfer function for free space in paraxial approximation is given by

H(E,n,z) = exp{ikz}exp{— inzk(éz + nz)}. 1

Considering eq. (10) one can introduce the so called Fresnel number Nr 2, 3, a relation between the maximal extension

a’ of the opening and the distance between the opening and the considered plane at the distance z.

2 2 2 2
laa N, 2 4 wih N =2
4 Az z 4z Az

The introduced approximation is called Fresnel-approximation if the Fresnel-number Np is greater than 1. The resulting
wave field is an interference of parabolic waves.

(12)

The impulse responce h is given by the Fourier-Transform of the transfer function H eq. (11)

explikz, }exp{ K (%, —x)" 4 (3, —ylf)} . (13)
iz 2z

An interference of plane waves can be described if the Fresnel number is smaller than 1, that means in large distances z
or the so called far field approximation. In this case the impulse response is realized as

h(Xn —X15Y, _YI)=

01 01

h(x, =x.,y,-y,)) = CXP{IkZ‘“ }exr){— K yoyl)} : (14)
Az, 2z,,

The wave field V, describes the far field diffraction image or Fraunhofer diffraction image that is equal to the Fourier-

transform of the input opening.

Since it is not possible to measure the field amplitudes, it is sufficient to calculate the image intensity. For the scalar

fields, the intensity is given by

I(X|7Y1):V(X|aY1)'V*(XlaY1) (15)



3. Light distribution caused by a slit aperture

First let us discus the light intensity distribution, that is produced behind a plane screen with a slit opening of varying
width, considered in wave length units . A plane wave illumination is supposed.

The intensity distribution is calculated with angular spectrum following eq.’s (9; 4; 15).

First we consider the intensity distribution of a slit of a width of 10 in Fig. 2. We can see the intensity in the near field
or in the Fresnel region. The edge position at 5 is connected with the intensity level of 0.25 as expected for normal-
ised intensity with coherent illumination.

The Fresnel number Nr eq. (12) depends on the width of the slit and the distance z. One can obtain a reduction of the
Fresnel number by increasing the distance z between the screen and the image plane or by an reduction of the width of
the slit. The reduction of slit width should be our first point of view.

We want to combine the width of 10 with a Fresnel number equal to 100. Analysing the intensities, that are calculated
for smaller openings of 4 and 6 one can see the same effect; the changing intensity structure inside of the opening. The
slit width is found as described before. It corresponds to an intensity level of 0.25. If the opening has a width of 2 only,
the structure inside of the slit is lost. One gets one intensity peak without structures. The peak minimum corresponds to
the limits of the opening. The same behaviour is obtained for the opening of 1 as well, following our notation this cor-
responds to a Fresnel number of 1. We reach the limit from condition (4), that means the diffraction is taken place in
openings in the region of the wave length. We can not find any similarity between the input structure and the intensity.
The information of the edges corresponding to high spatial frequencies is lost.

Fig. 3 shows the intensity distributions of an openings smaller than 1 , or Fresnel numbers smaller than 1. The informa-
tion of the opening seams to be lost . The position of the intensity minimum does not have any relation to the opening
width. What happens?

We are leaving the range of near field and move to the range of far field region. In the far field or Fraunhofer region, the
image intensity corresponds to the Fraunhofer diffraction image. The case is reached for an opening of 0.5 , or a Fresnel
number of 0.25. The position of the minimum is found by:
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Fig. 2. Normalised intensity distributions behind slit openings in Fig. 3. Normalised intensity distributions behind slit
the Fresnel region openings in the Fraunhofer region

In fig.3 one can find the position of the minimum fora=0.5 ;z=1 atx=2 andatlastfora=0.3 atx=3.33 .

Fig. 4 shows the intensity distribution behind a slit of the width of 5 in dependence on the distance z from the opening
in wave length units. From table 1 one can see the classification of the Fresnel and Fraunhofer regions along the z-axis.
The position of the first minimum in the Fraunhofer regions follows eq. (17). Up to the Fresnel number 1 at z=25 the
slit is very close. Leaving the Fresnel region the light beam goes wider and wider. In Fig. 4b one can realise the Fraun-
hofer diffraction image up to infinity. The position of the first minimum is given by the relation (17) at x=6.4 ,
x=14.2 andatx =20 in Fig. 4c in dependence on slit width and distance.

Table 1. Slit width and Fresnel number in dependence on the distance



a Np=1 Ng=0.5 Ng=0.25
Sh z =25\ z =50\ z = 100A
10A z =100\ z =200\ z = 400%
20M z =400\ z =800\ z = 1600\

Coordinate in wave length units

Fig. 4 a. Light intensity distribution created by a 5 wide slit Fig. 4b. Light intensity distribution created by a 5 wide slit
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4. Line and space structures

The diffraction behaviour of single screens, slits, squares, circular openings, holes etc. has been discussed widely. Next
we want to consider the intensity distributions that are created behind line and space structures. Line and space structures
of 3,5, and 11 lines are analysed. The imaging properties of such periodical repeating objects tend to behave like optical
gratings the greater the number of lines is. The structures used in the Fig. 5 resp. 6 have slit widths of 5A and grating
periods of p =10 A.

Fig.’s 5a-c show the expected behaviour for the light intensity distributions from a periodical repeating objects. Such

structures give reasons to the so called self imaging effect, or Talbot effect 6. This self image is realized at
2

Z=n

with a period of p=10 A atz =200 A and 400 . A doubled frequency one can observe at z= 50 , 150 ,
250 and 350 . The contrast reversal is obtained at z= 100 and 300 .
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z - Distance in wave length units

Coordinate in wave length units

Fig. 5 a.. Diffraction image of a 3-line object; Fig. 5 b. Diffraction image of a 5-line object;
self image at z = 2001 self image at z = 2001

Fig. 5c. Diffraction image of a 11-slit object; Self image at z= 200\ and z = 400\

In Fig. 6 one can see axial cuts at different planes. Fig. 6 a shows an axial cut at z = 2004, so one can realise that the
Fourier transform or the Fraunhofer diffraction image of the 3 line object is given. The grey line corresponds to the in-
tensity of one single slit of the width 5 . We can repeat our conclusion for the 5 slit object in Fig. 6b. Here we can see
the Fraunhofer image for an 5 slit object compared with that for the single slit.



The Fraunhofer diffraction image, or the far field diffraction for the 11 line is drawn in Fig. 6¢ for z = 400A. Because of
the larger extension of this object, the far field region is reached just in a larger distance. In the Fig.’s the diffraction
image of a single line is shown in a grey line. Especially in Fig. 6¢ the grey line is superposed with a lot of computer
noise.

The images underline two aspects. First one gets the expected diffraction images and second “self imaging” means, that
one can see a diffraction image and not the image of the grating.
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Fig. 6a. Axial cut for the 3 slit object at a distance z=200A  Fig. 6b. Axial cut for the 5 slit object at a distance z = 2001
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Fig. 6¢. Axial cut for the 11 slits object at a distance z = 400\



5. Diffraction behaviour of a phase structure

To simulate the transfer behaviour of optical beam shaping elements, it seams to be useful, to consider the intensity
distribution in dependence on z of phase objects. To simulate an optical lens in the opening a phase function is assumed.

X .k
V,(X,,¥,) :rect(z—;j : exp(lngj

The Fig. 7a shows the light distribution behind a screen with a slit of the width of 20A.The intensity distribution caused
by an object of the same width with the phase function is shown in Fig. 7b. The phase function acts as an optical lens. At
the distance z=f="71A e.g. the distance of the focal length, one obtains a very narrow intensity line. This line corre-
sponds to the Fraunhofer diffraction image of the input line. To underline this, we consider the axial cuts in the focal
plane at the distance z = f=71A in Fig. 7c. The dashed line describes the image intensity without lens. One can see the
Fresnel image of the rectangular opening. The opening with phase structure realises the Fraunhofer image or the Fourier
transform in the focal plane. The position of the minimum is given by eq. (17).
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Fig. 7c. Axial cut through the light intensity distribution created by a 20 wide slit opening with and without lens at z =71



6. Summary

The angular spectrum method was used to calculate light intensity distributions behind different optical elements. The
advantage of the angular spectrum method is the compact description. So it is not necessary to distinguish between Fres-
nel and Fraunhofer approximation and the limitation to the paraxial region is arisen.

The transition between Fresnel and Fraunhofer diffraction was discussed in detail. This transitional region is character-
ised by Fresnel numbers between 1 and 0.25. For applications in optical metrology or lithography one has to find a
strong correlation between the slit/ line width and the intensity relation in dependence on the distance behind the screen.
In the Fresnel region the edge position is given at an intensity level of 0.25 respectively at the position of the minimum if
the slit is not resolved for Fresnel numbers between 2 and 1. In Fraunhofer region the information about the slit width can
be obtained by analysing eq. (17). In the transitional region between Fresnel and Fraunhofer diffraction it seams impossi-
ble to find a strong correlation to define a line width.

The diffraction images of periodical repeating structures were investigated with the angular spectrum method as well.
The calculated intensities show the effect of self imaging (Talbot effect), contrast reversal and frequency doubling. Ana-
lysing the pictures in detail one can see that the so called “Talbot-image “ or self image is equal to the corresponding
diffraction images. The decision if Fresnel or Fraunhofer image is shown depends on the Fresnel number as well. One
has to notice that in the Fresnel number the width of the whole object is included.

As an example for beam shaping elements one simple lens is discussed. The investigations in that direction could be
extended in the next time.

The case of oblique illumination has to be analysed also.
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