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There is growing evidence that Hilbert C*-module theory and the theory of wavelets and
Gabor (i.e. Weyl-Heisenberg) frames are tightly related to each other in many aspects. Both the
research fields can benefit from achievements of the other field. The goal of the talk given at the
mini-workshop was to give an introduction to the theory of module frames and to Hilbert C*-
modules showing key analogies, and how to overcome the existing obstacles of Hilbert C*-module
theory in comparison to Hilbert space theory.

The theory of module frames of countably generated Hilbert C*-modules over unital C*-
algebras was discovered and investigated studying an approach to Hilbert space frame theory by
Deguang Han and David R. Larson [7]. Surprisingly, almost all of the concepts and results can
be reobtained in the Hilbert C*-module setting. This has been worked out in joint work with
D. R. Larson in [4, 5, 6]. Complementary results have been obtained by T. Kajiwara, C. Pinzari
and Y. Watatani in [8] using other techniques and motivations. Frames have been also used
by D. Bakić and B. Guljaš in [1] calling them quasi-bases. Meanwhile, the case of Hilbert C*-
modules over non-unital C*-algebras has been investigated by I. Raeburn and S. J. Thompson
[14], as well as by D. Bakić and B. Guljaš discovering standard frames even for this class of
countably generated Hilbert C*-modules in a well-defined larger multiplier module. However,
many problems still have to be solved.

How to link core C*-theory to wavelet theory was first observed by M. A. Rieffel in 1997,
cf. [15]. His approach has been worked out by J. A. Packer and M. A. Rieffel [12, 13], and
by P. J. Wood [16, 17] in great detail. As major results a framework in terms of Hilbert C*-
modules has been obtained sharing most of the basic structures with generalized multi-resolution
analysis for key classes of wavelet and Gabor frames. The Gabor case has been investigated by
P. G. Casazza, M. A. Coco and M. C. Lammers [2, 3], and by F. Luef [11] obtaining an adapted
to the Gabor situation variant of the Hilbert C*-module approach. In particular, the results by
J. A. Packer and M. A. Rieffel in [13] indicate that the described operator algebraic approach to
the wavelet theory in L2(R2) is capable to give new deep insights into classical wavelet theory.

To give an instructive example how to link a particular case of generalized multi-resolution
analysis to Hilbert C*-module theory we explain one of the core ideas of M. A. Rieffel by
example: Assume the situation of a wavelet sequence generated by a multi-resolution analysis
in a Hilbert space L2(Rn). Denote the mother wavelet by φ ∈ L2(Rn), ‖φ‖2 = 1, and consider
Rn as an additive group. The second group appearing in the picture is Γ = Zn acting on L2(Rn)
by translations in the domains of functions, i.e. mapping φ(x) to φ(x − p) for x ∈ Rn and
p ∈ Zn. The mother wavelet φ has to be supposed to admit pairwise orthogonal Zn-translates,
i.e.

∫
Rn φ(x− q)φ(x − p) dx = δqp for any p, q ∈ Zn. Introducing the group C*-algebras

A = C∗(Zn) of the additive discrete group Zn into the picture and interpreting the set of all Zn-
translates of φ as elements of the ∗-algebra Cc(Rn) we obtain a right action of A on Cc(Rn) by
convolution and an A-valued inner product there defined by 〈φ, ψ〉A(p) :=

∫
Rn φ(x)ψ(x− p) dx

for φ, ψ ∈ Cc(Rn) and p ∈ Zn, (see below for details). The completion of Cc(Rn) with respect
to the norm ‖φ‖ := ‖〈φ, φ〉A‖1/2A is a (right) Hilbert C*-module H = Cc(Rn) over A.

Considering the dual Fourier transformed picture things become mathematically easier. The
C*-algebra A = C∗(Zn) is transformed to the C*-algebra B = C(Tn) of continuous functions
on the n-torus. The right action of A on H by convolution becomes a right action of B on
H by pointwise multiplication. Moreover, H = Cc(Rn) coincides with the set Bφ, i.e. it is a
singly generated free B-module with B-valued inner product 〈φ, ψ〉B(t) :=

∑
p∈Zn(φψ)(t − p)
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for t ∈ Rn. The set {φ} consisting of one element is a module frame, even a module Riesz
basis. However, for n ≥ 2 there exist non-free B-modules that are direct orthogonal summands
of H = B, cf. [12] for their construction. For them module Riesz bases might not exist, and
module frames consist of more than one element. In a similar manner multi-wavelets give rise
to Hilbert B-modules Bk of all k-tuples with entries from B and coordinate-wise operations.
Since norm-convergence and weak convergence are in general different concepts in an infinite-
dimensional C*-algebra B (whereas both they coincide in C). Some more investigations have to
be carried out to treat Gabor analysis, for example.

A pre-Hilbert C*-module H over a (unital) C*-algebra A is a (left) A-module equipped with an
A-valued inner product 〈., .〉 : H×H → A such that (i) 〈x, x〉 ≥ 0 for any x ∈ H, (ii) 〈x, x〉 = 0
if and only if x = 0, (iii) 〈x, y〉 = 〈y, x〉∗ for anyx, y ∈ H, and (iv) 〈., .〉 is A-linear in the first
argument. The induced norm ‖.‖ = ‖〈., .〉‖1/2 opens up the opportunity to restrict attention to
norm-closed A-modules of this kind, i.e. to Hilbert A-modules. The A-module H is algebraically
finitely generated if there exists a finite set {xi}Ni=1 ⊂ H such that H = span {aixi : ai ∈ A}.
A Banach A-module is countably generated if there exists a finite or countable set {xi}i∈I ⊂ H
such that span {aixi : ai ∈ A} is norm-dense in H. For a comprehensive account to Hilbert
C*-module theory we refer the reader to [10].

For unital C*-algebras A a finite or countable set {xi}i∈I ⊂ H is said to be a frame for
the Hilbert C*-module H if there exist two real constants C,D > 0 such that the inequality
C · 〈x, x〉 ≤

∑
i∈I〈x, xi〉〈xi, x〉 ≤ D · 〈x, x〉 is valid for any x ∈ H. The frame is called standard

if the sum in the middle of the inequality converges in norm in A. A frame is normalized tight
if C = D = 1. A sequence {xi}i∈I ⊂ H is a standard Riesz basis of H if it is a standard
frame for H with the additional property that

∑
i∈S⊆I aixi = 0 if and only if aixi = 0 for any

i ∈ S. Two frames {xi}i∈I and {yi}i∈I for a Hilbert A module H are unitarily equivalent (resp.,
similar) if there exists a unitary (resp., invertible adjointable) A-linear bounded operator T
on H satisfying T (xi) = yi for any i ∈ I. By Kasparov’s stabilization theorem and by tensor
product constructions one can easily see that standard (normalized tight) frames for Hilbert
C*-modules over unital C*-algebras exist always and in abundance. For canonical examples of
Hilbert C*-modules standard Riesz bases are found not to exist, and so orthogonal Hilbert bases
often may not exist.

As the crucial result that makes the entire theory work one obtains two reconstruction for-
mulae for standard (normalized tight) frames {xi}i∈I of finitely or countably generated Hilbert
C*-modules H over unital C*-algebras A. If {xi}i is a standard normalized tight frame for H
then the following reconstruction formula always holds for every x ∈ H:

x =
∑
i∈I
〈x, xi〉xi .

The sum converges with respect to the norm of H. If {xi}i∈I is merely a standard frame for H
then there exists a positive invertible A-linear bounded operator S on H, the frame operator,
such that the reconstruction formula

x =
∑
i∈I
〈x, S(xi)〉xi

is valid for any x ∈ H. The sequence {S(xi)}i∈I is a frame for H again, and it is said to be the
canonical dual frame of for the frame {xi}i∈I . The key point of the proofs is the existence of the
frame transform θ : H → l2(A), θ(x) = {〈x, xi〉}i∈I , and its properties which can be found to
be guaranteed in any situation - boundedness, A-linearity, and, most important, adjointability.
The frame operator S can be expressed by S = (θθ∗)−1, and for every standard frame {xi}i∈I
the frame {S1/2(xi)}i∈I turns out to be a standard normalized tight one.

Starting from this point similarity of standard frames and the image of their frame transform
can be investigated, leading to similar results about the canonical and alternate duals as in the
Hilbert space situation. In the same manner as for Hilbert spaces results for complementary
frames and inner sums of frames can be obtained giving rise to several types of disjointness of
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pairs of frames. Standard frames turn out to be precisely the inner direct summands of standard
Riesz bases for Hilbert A-modules AN , N < ∞, or l2(A). whereas standard normalized tight
frames are the inner direct summands of orthonormal Hilbert bases of AN or l2(A).

Establishing this key point of the theory of standard modular frames of countably Hilbert C*-
modules over unital C*-algebras A one (re-)obtains an whole collection of frame theory results
in this setting: Every standard frame of a countably generated Hilbert A-module is a set of
generators. Every standard Riesz basis {xi}i∈I with normalized tight frame bounds has the
property 〈xj , xk〉 = δjk · 〈xj , xk〉2 for any j, k ∈ I, i.e. it is orthogonal and “normalized” in some
sense. Every finite set of algebraic generators of a finitely generated Hilbert A-module is a frame
for it. If the equality x =

∑
i∈I〈x, yi〉xi holds for any x ∈ H and for some standard frame {yi}i∈I

for H then this alternate dual frame fulfills the inequality∑
i∈I
〈x, S(xi)〉〈S(xi), x〉 <

∑
i∈I
〈x, yi〉〈yi, x〉

for any x ∈ H.
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